A SMOOTHING PROPERTY OF SCHRODINGER EQUATIONS 

IN THE CRITICAL CASE 



MICHAEL RUZHANSKY AND MITSURU SUGIMOTO 

1. Introduction 

Suppose n>2. It is well known that the solution u(t,x) G C 1 (R 4 ; L 2 (R™)) to the 
Schrddinger equation 

' (id t + A x )u(t,x) = 

u(0,x) = <p(x) G L 2 (TC X ) 

has the smoothing property (D) l / 2 u G L 2 oc {R, t x R") by Sjolin [T2|. Its global version 

( L2 ) \\ a ( X i D ) u \\ L Hmx-Rz) < CWvWv^y 

where 

a{X,D) = \x\ a - 1 \D\ a , l-n/2 < a < 1/2, 

was proved by Kato and Yajima jS] (n > 3) and Sugimoto [14J (n > 2). Estimate 
JH2J) with 

a(X,D) = {l + \x\ 2 )~ s/2 \D\ 1 / 2 , s>l/2, 

was also proved by Ben-Artzi and Klainerman pQ (n > 3) and Chihara [2] (n > 2), 
and we can never obtain (jl.2j) in the critical case 

a(X,D) = \x\-^ 2 \D\^ 2 

(Watanabe |17j). But we insist, in this paper, we can attain the critical case if 
we assume some structure condition on the operator a(X, D). This case is crucial in 
dealing with further applications to the low regularity solutions to nonlinear problems, 
where the structure condition corresponds to the null structure of the nonlinearity. 

We explain our strategy by generalizing the equation, so that we can understand the 
meaning of the structure well. This will also emphasize geometric qualities responsible 
for smoothing in the critical case. We set 

(1.3) L p = p(D) 2 , 

where G C°°(R n \ 0) is a positive function, and is positively homogeneous of 
degree 1, that is, satisfies p(A£) = Ap(£) for A > and £ G R n \ 0. The 
case = |£| corresponds to the usual Laplacian L p = —A. We assume that the 
Gaussian curvature of the hypersurface 

(1-4) £ p = {£;p(0 = l} 
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never vanishes. Under the setting above, we consider the following generalized 
Schrodinger equation 

(id t — L p ) u(t, x) = 

u(0,x) =<p(x) G L 2 (YC X ). 



1.5) 



Furthermore, let {(x(t),y(t)); t G R} be the classical orbit, that is, the solutions of 
the ordinary differential equation 



1.6) 



x(0) = 0, f (0) = k, 
and consider the set of the path of all classical orbits 

r p = {(z(t), £(<)); teR, kR"\0} 
( ' } ={(AV P (0,0;eGR n \o, agR}. 

For the symbol cr(x,£) of pseudo-differential operator a(X,D), we use the notation 

a(x,0~\x\ a \£\ b 

if the symbol cr(x,£) is smooth in x ^ 0, £ 7^ 0, positively homogeneous of order a 
with respect to x, and of order b with respect to £. Then we have the following main 
result: 

Theorem 1.1. Let n > 2. Suppose a (x,^) ~ |x| _1/ ' 2 |£| 1 / 2 . Suppose also the structure 
condition 

(1.8) (T (x,£) = 1/ (x,0er p and x ^ 0. 

T/ien i/ie solution u to (jJ.^j) satisfies estimate f|1.2j) . ie. 

||cr(X, -D)w|| L 2( RtxR n) < C||</p|| i2 ( R n)- 

In Section 5 we will discuss the sharpness of the structure condition (jl.8j) . We will 
also present results for operators L p of arbitrary orders m G N as well as results for 
first and second order hyperbolic equations. 

The proof of Theorem 11.11 is carried out by replacing cr(X, D) satisfying struc- 
ture condition by another operator Q(X, D) having good commutability properties 
fLemma 13. 2J1 . This idea can be realized due to a recent progress on the global L 2 - 
boundedness properties of a class of Fourier integral operators, which was made by 
authors [10J. With the aid of it, we prove Proposition 13. 31 which is a key result in this 
paper and will be useful in other various situations. 

We remark that we can deduce a global existence result to derivative nonlinear 
equations 

(id t — Lp) u(t, x) —\a(X, D)u\ N 
u(0, x) = tp(x), t G R, x G R" 



1.9) 



by using Theorem 11.11 (and its variant). The structure condition for the derivative 
o~(X, D) in the nonlinear term can weaken the regularity assumptions for the initial 
data (p. We treat this subject in our forthcoming paper [TTj . 
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We should mention here the result of Sugimoto ^2] which treated the special case 
p(0 = where A is a positive definite symmetric matrix, and essentially proved 
JOJ with 

(1.10) a(X,D) = \x\ a - 1 A 1/2 - a \D\ a , 1 - n/2 < a < 1/2. 

Here A°" denotes the homogeneous extension of the (fractional power a/2 of) the 
Laplace-Beltrami operator on the hypersurface 

s; = {Vp(0;p(0 = i> 

= {e;p*(0 = i}; p*(0 = l^ _1 l- 

Especially A 2 is a partial differential operator of order 2 with coefficients of homoge- 
neous functions of order 2, whose principal symbol is 

(see jini p-18]). We remark that <j(X,D) given by (jl.lUj) behaves like Ixl" 1 / 2 ^! 1 / 2 in 
the sense of the orders of differentiation and decay, and t(x,£) is the typical example 
which satisfies the structure condition ()1.8|) (see Remark l3~2j) . Theorem 11.11 savs that 
this condition is sufficient for the smoothing property and the exact form ()1.10|) is 
not necessary. Even in this sense, Theorem 11.11 provides a new aspect to the result 

of US]. 

We explain the plan of this paper. In Section 2, we introduce a class of Fourier 
integral operators which is the main tool for the proof of Theorem 11.11 In Section 
3, we investigate the structure of the hypersurface S p defined by (jl.4j) . and show the 
key result Proposition 13. 31 which is associated to the structure. In Section 4, we prove 
a refined version of the limiting absorption principle which is an essential part of the 
proof of Theorem ll.il In Section 5, we complete the proof and present an extended 
result of Theorem 11.11 

Finally we remark that the capital C's in estimates always denote unimportant con- 
stants, as usual, which depend only on the operators, function spaces, and specified 
suffices. We remark also that vectors are represented as rows. 

2. Fourier Integral Operator 

We show fundamental properties of a class of Fourier integral operators, which will 
be used in the following sections. To have more flexibility, we will work in cones 
in the (y, £)-space. Let T^r^ C R" be open cones. For the amplitude function 
a(x,y,£) G C°°(R" x R™ x R£) such that U xe n n supp^a(x, •, •) C T y x T € and the 
phase function (f(y,£) G C^iYy x T^), we define the operator T a by 

(2.1) T a u{x)= [ [ e^< + ^a{x iy ,i)u{y)dydi. 

In the case <p(y,£) = —y ■ £, T a is a pseudo-differential operator, and we use the 
notation a(X, Y, D) = (27r)~ n T a . 
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We always assume that (p(y,£) is a real- valued function and satisfies 
|det0j,%>(y,OI > C > on T y x r e , 
(2 ' 2) |d^(y,£)| <^(2/> Hq!| on U^nsupp^a^v) (Va,V|/3| > 1). 
Here we have used the notation 

<x) = (1 + |x| 2 ) 1/2 . 

The inequalities 

(x) < 1 + \x\ < V2(x) 
will be used frequently in the following. From ()2.2j) . we obtain the estimate 

(2.3) Ciiy) < (d(:(p(y,£)) < C 2 {y) on U xeRn supp^ a(x, -, •) 

with some Ci,C 2 > 0. In fact, the estimate (d^<f(y,^)) < C 2 (y) is clear. As for the 
estimate C\(y) < (d^ip(y,^,)), we may assume that T y is a proper cone, and fix an 
appropriate y G T y such that |<9g<y9(?/o, 01 — C{Vo)- From the expression 

ty<p(v, - d Mvo, = (y - yo)d y d^ip(z, 

with some z G T y , we obtain the estimate \y — y \ < C\d^ip(y,^) — d^(p(yo, hence 
(y)<C yo (d&(y,£)). 

For the amplitude function, we introduce classes which emphasize natural growth 
properties in variables x and y. 

Definition 2.1. Suppose m,m',k G R. A smooth amplitude function a(x,y,^) is of 
the class ' , o fc , l-i k respectively it it satishes 

\d^dja(x,y,0\ < C a ^(xr-^(y) m '-W(O k ~ hl , 

\d:d^a(x,y,0\ < C aPl {x) m -\ a \y) m '-^{0\ 

\^ y dja(x,y,0\ < C a ^(x) m (y) m '-W(O k 

respectively for all a, (3, and 7. We set A™ = U m / g R^4™~ m ' m , B™ = U m / g R,£>™~ m ' m , 
7?.™ = U m ' 6 R,7?.™~ m ' m . In the case k = 0, we abbreviate it. 

Remark 2.1. We have the inclusions ^4™ C B™ C 7?.™. If the amplitude function is 
independent of the variable x or y, the definition of these classes can be simplified. 
For example, is of the class A m , B m respectively if it satisfies 

\d:dja(x,0\ < C ay (x) m -^(0- hl , \d:dja(x,0\ < C a ,(x) m -^ 
respectively for all a and 7. 

Under the condition (J2.2)) . we can justify the definition (J2.1)) by the expression 

T a u(x) = lim[ [ e^< + ^p(eOa(x,y,Ou(y)dydt 

for a G Tl™, u G and p G C£°. In fact, by integration by parts argument 



1 + \d y <p(y,€) - dy(p(y,£ )\ 



2 
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and the inequalities 

If -£o| < C\d v (p(y,£) - d y (p(y,£ )\, 

iWv.fl- Wy,6)| <c a <y) Ha| |£-eol 

derived from ()2.2j) with an appropriate £o ; the limit exists and does not depend on 
the choice of p. 

First we review L 2 -mapping properties of the operator T a . For m G R, let L^(R n ) 
be the set of functions / such that the norm 

ll/lkcR*) = (7 l^) m /^)l 2 ^ 

is finite. Due to Ruzhansky and Sugimoto [TUJ Theorem 3.1], we have 

Theorem 2.1. Suppose m G R. Lei a(x,y,£) G 7?" 1 . T/ien T a zs bounded from 
Z4 +At (R") to Lj(R») /or aM a* e R. 

Next we show a symbolic calculus associated to our class. Before that, we remark 
the following: 

Lemma 2.1. Suppose m, k G R. For £/ie amplitude function a(x,y,£) G 7?.™, we set 
y, = a(x, y, f )x((z + 9^<p(y, f ))/ (%>(?/, 0))> 

a n (x,y,0 = o(z,y,0(i -x)(0& + %>(i/> £))/(%>(?/> 0))> 

where x( x ) G C^°(R n ) is egna/ to one near £/ie origin and suppx C {x; |x| < 1/2}. 
Then, on supp a 7 , we nave £/ie equivalence 

C x (x)<{y)<C 2 (x) 

for some C±, C 2 > 0. Furthermore, for any N G R, t/iere exists r(x,y,£) G 7^ stzc/i 

Proof. Since |x + < (1/2) (9^) on suppa 7 , we have 

(x) < |ac + %>| + v^d^) < (V 2 + V2)(d^(p) 

and 

(<9^> < k + %>| + v^x) 
<(l/2)(%?) + V2>), 

hence 

(%?> < 2 v / 2(x). 

On account of ()2.lij1 . we have the first assertion. Furthermore, we have 

T aII u(x) = J Je^< + ^M l a n (x,y,Ou(y)dyd^ 
where M is the transpose of the operator 

i\x + d^ip\ 



i * 
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and I G N. We have (d^<f(y,^)) < C\x + d^(p(y, £)| on the support of a n (x,y,^), 
hence we have 

(x) < \x + d^(y,0\ + V2(d^(y,0)<C\x + d^(y,0\, 
(y)<C(dz<p(y,Z))<C\x + dt<p(y,£)\ 

by (|2.3|) . On the support of x'(( x + d^(p(y,^,))/{d^ip(y,^))), we have the equivalence 
of \x + d^(p(y, £)| and (<9gy?(?/, £)). By all of these facts, we can justify the second 
assertion. □ 

Using this lemma, we have the following fundamental calculus: 

Theorem 2.2. Suppose m, k G R. Let a(x,y,C,) G Then we have the decompo- 
sition 

T = T 4- T 

J « i O[) T -If) 

with 

ao(y, = a(-d^(y, £),y, G B£, r(x, y, G ft?" 1 - 

Proof. The assertion a (y,£) G £>™ is easily obtained from assumption ()2.2|) . We use 
the decomposition a = a 1 + a 77 as in Lemma \2. 11 which says that we may neglect the 
term a 11 . By the Taylor expansion, we have 

y, =a(-d/:(p(y, f ), y, 

+ + d Mv, Of f (3> J ) (-%>(</, + e{x + dMy, 0),y, do. 
1-1=1 y ° 

Since 

(x + <9^(y,0)V ( ^ + ^ }) = {-id^) a e i{ ~ x<+ ^\ 
we may take, by integration by parts, 

v>t) = E / (^r{(^«0(-^(y,e)+^+^(^e)),y,e)} 



>m— 1 



which belongs to the class VJ^ by the equivalence of (—d^ip(y,^) + #(x + d^ip(y, £))) 
and (y). □ 

By Theorem 12.21 with (p(y,£,) = —y ■ £• we have the following symbolic calculus of 
pseudo-differential operators: 

Corollary 2.3. Suppose m, k G R. Let a(x,y,t;) G B™. Then we have the decompo- 
sition 

a(X, Y, D) = a(Y, Y, D) + n(X, Y, D) 
= a(X,X,D)+r 2 (X,Y,D), 

with ri(x,?/,0,^2(a;,l/,0 G TIT' 1 . 



(> 



We now describe a formula for the canonical transform of pseudo-differential op- 
erators. Let T, T C R" \ be open cones and ip : F —>■ F be a C°°-diffeomorphism 
satisfying = A?/>(£) for all £ G F and A > 0. We set formally 



Iu{x) = F- 1 [FuMZ))] (*) = (2vr)- n / / e^~^ u{y)dyd^ 

(2.4) Jr " Jr ; 

r x u(x) = F- 1 [Futy- 1 ^))] (x) = (2tt)-" / / e i{x <-^~ 1 ^ ) u(y)dyd^ 
where the Fourier transforms F and F~ l are defined by 



Fu(x) 



[ e- ix ^u(x)dx, F _1 w(0 = (27r)~ n /" e fa,{ u(0<2f. 
Jr» Jr" 



The operator / can be justified by using a cut-off function 7 G C°°(r) which satisfies 
supp7 C T, and 7(A£) = 7(£) for large |£| and A > 1. We set 

7 = 7«f'e C°°(F). 

Then the operators 

I,u(x) = F- 1 [7(0^(0)1 (*) 



(2 ' 5) I?u(*) = F ~* [mFuir'iO)] (x) 

= (2n)- n [ fe* x *- v -*~ 1 W ! y{Z)u(y)dydZ 

can be reasonably defined, and we have the expressions 

(2.6) 7 7 = 7 p)./ = J.7p), i? = >y(D)-r x = r x - 1 (p), 

and the identities 

(2-7) I 7 • ir* = 7(D) 2 , J-i • J 7 = 7(D) 2 . 

We remark that <p(y,g) = -y ■ if)(£) G C°°(R^ x T € ) and <p(y,£) = -y ■ G 
C°°(R^ x f 1 ^) satisfy assumption (|2.2|) . Then we have the following: 

Corollary 2.4. Suppose m G R. Le£ a(x, £) G -4 m (resp. £> m j, and £e£ I 7 6e defined 
by (|2.5j) . We se£ a (x, £) = a(x, C)7o(C) 7o £ C°°(r) satisfying supp7 C T and 
7o = 1 on supp 7, and sei 

S(x,0=ao(^'(^- 1 (0)^- 1 (0)- 
Tnen we have a(x,£) G *4. m (Vesp. B m ) and 

a{X, D) ■ J 7 = 7 7 • g(X, D) + fl, 
where R is a bounded operator from L 2 n _ 1+M (R") to L 2 (R n ) /or a// /i G R. 
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Proof. The assertion a(x,£) € A m (resp. B m ) is clear. Since 



b(Y, D)u = Fr l 



we have the formula 



e 



^<b{y,Ou{y)dy 



J 7 • 6(y, £>)«(a0 = (2tt)-" / / e^-^KMft^, ^(0)t(0«(2/) «• 

Then, by (|2.fij) and Theorem 12. 2| we have 
a(X, D) ■ I 7 u(x) = a (X, D) ■ I y u(x) 

= (27r)-" / / jM-y^aoix, ZhfcMy) dydi 



R» JT 



= I 7 • a(Y, D)u(x) + Riu(x), 

and, by Corollary I2.3| a(Y, D) = d(X, D) + R 2 . We remark that, by Theorem 12 .![ J 7 
is bounded on L^(R n ), and Ri, R 2 are bounded from L^_ 1+M (R") to L^(R n ), for all 
|i£R. We have the corollary by taking R = R^ + J 7 • R 2 . □ 

We now establish the formula for a change of variables. Let T, T C R" \ be open 
cones and k : T — > V be a C°°-diffeomorphism satisfying k(Xx) = \k(x) for all x G T 
and A > 0. We set formally 

Ju{x) = {uo k){x) = (2rry n [ [ e l{x< ~ v<) u^{y))dydi 

JR n JR" 



= (2tt)-" / / e^-*- 1 ^ det (kT 1 )'^) u{y)dyd£, 
(2.8) jRnjRn 

J- l u(x) = (wo 00*0 = ( 27r ) _n / / e i{ ~ x *-y®u(K-\y))dyd£ 



R™ JR" 

= (2n)- n [ [ e i(x -t- K{yH) \detK'(y)\u(y)dydC 
Jn n Jr» 

The definition of operator J can be justified by using a cut-off function 7 e C°°(r) 
which satisfies supp7 C T, and 7(Ax) = 7(2;) for large \x\ and A > 1. We set 

7 = 7o K GHf). 

Then the operators 

J-yU(x) = (ju) O k(x) 

= (2n)- n [ [ e^-^ 1 ^ det (K- i y(y) 1 (y)u(y)dyd^ 
r JR n 



(2.9) 

J^u(x) = (711) O K _1 (x) 
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can be reasonably defined, and have the expressions 

(2.10) J 7 = J • 7 P0 = l{X) ■ J, Jr 1 = J- 1 • 7(X) = 7 (X) • J" 1 
and identities 

(2.11) J-" 1 • J 7 = 7 (X) 2 , J 7 • jr 1 = 7(X) 2 . 

We remark that <^(y,0 = -K _1 (y) - £ G C°°(r y x R£) and <p(y,£) = ■ £ G 

C°°(r j/ x R^ - ) satisfy assumption ()2.2|) . Then we have the following: 

Corollary 2.5. Suppose m G R. Lei a(x,£) G *4"\ and Zei J 7 6e defined by ()2.9|) . 
VKe sei a (x,£) = 7 (a;)a(a;, £), w«£/i 7 G C°°(r) satisfying supp7 C V and 7o = 1 
on supp 7, and set 

a(x,£) = ao(/«(x), ). 
T/ien we /jave a(x, £) G *4 m and 

J 7 • a(X, D) = a(X, D) • J 7 + i2, 
where R is a bounded operator from L^_ 1+ (R n ) to L^(R n ) /or aZZ /i G R. 



Proof. The assertion a(x, £) G *4. m is clear. By (|2.1()j) and Corollary 12. H| we have the 
decomposition J 7 • a(X, D) = J 7 • dopT, D) = J 1 • oq(Y, D) + J 7 • By Lemma |2~TI 
Q o(?/, is also decomposed into the sum of 

y, = a (y, 0x((^ - 1/)/ (j/)) = a o(y> Ox((% - v)l (y)hi(y), 

where 71 G C°°(T) satisfies supp 71 C T, 71 = 1 on supp 70, and aQ 7 (x,?/,£) which is 
negligible. Furthermore, we have 

J 7 ■ clq(X, y, D)u(x) 
= (2n)- n J J e^^H^^x))^ 

= b(X,Y,D) • J 7i m(x), 
where 

K X >V>€) =7(^(^))ao(K(?/),£$(x,?/) _1 )x((K(a;) - n(y)) / {n(y))) 
■ |det K'{y)\ ■ \det^(x,y)\-\ 

$(x, y)= I k'(x + 9{y - x)) d6. 
Jo 

We have used here k(x) — n(y) = (x — yY§(x,y). Taking suppx to be sufficiently 
small, we have 

\x-y\ = \k~ x (k(x)) - k~ x {k{v))\ < C\k{x) - n(y)\ < e(«(y)) 

on supp b, where e > is small. We also have the equivalence of (k(x)) and (n(y)) 
by Lemma f2. 11 and (k(x)) < C(x), (n{y)) < C(y). Hence we have the estimates 

(x) < C(x + 9(y-x)), (y) <C{x + 6(y-x)) 
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which imply b(x,y,£) G A m . Then, by Corollary 12.31 again, we have b(X,Y,D) = 
b(Y, Y, D) + R 2 and b(Y, Y, D) ■ J 7l = a(Y, D) • J 7 = a(X, D)-J 7 + R 3 - J T By Theorem 
12. 1[ we have the corollary with R — J 7 ■ Ri + J 7 ■ clq (X, Y, D) + R 2 ■ J 7l + -R3 ■ J 7 . □ 

3. Geometrical structure 

We will now show some basic facts related to the function p(£) which is used to 
define the operator (jl.3j) in the introduction. As we remarked in Introduction, vectors 
are represented as rows. We use the notation 

E 9 = {£ G R n \ 0; g(0 = 1}, E* = {Vg(£); £ G E J, 

where V = d — (dt, . . . , d n ). For vector- valued functions / = (/1, . . . , f m ), we set 
V/ = *(V/i, . . • , V/ m ) = (djfi)^^^^. Especially V 2 g = (djdig)^^ denotes 
the Hesse matrix for a scalar valued function g. 

Theorem 3.1. Suppose n > 2. Let p(£) G C°°(R n \ 0) 6e a positive and positively 
homogeneous function of degree 1. We assume that the Gaussian curvature of the 
hypersurface E p never vanishes. Then there exists a positive and positively homo- 
geneous function p*(£) G C oo (R Tl \0) of order 1 such that £* = S p » ; E*» = E p; 
and t/ie Gaussian curvature of the hypersurface E p » never vanishes. Furthermore 
Vp : E p — > S p * zs a C 00 -diffeomorphism and Vp* : E p * — > S p «s zts inverse. 

Remark 3.1. In the case p(£) = \£A\, where A is a positive definite symmetric matrix, 
we have p*(£) = l^" 1 ]. (See [13 p.19].) 

Proof. First we remark that E p is compact. The curvature condition is equivalent to 
the fact that the Gauss map 

Sp9a ^ Vp(a)/\Vp(a)\ ES n -\ 

hence the map Vp : E p — > E p », is a global C°°-diffeomorphism. See Kobayashi and 
Nomizu [H], or consult Matsumura [HI Theorem D.G I, p. 341]. Hence, for £ G R™\0, 
there is uniquely determined a G E p such that £/|£| = Vp(cr)/|Vp(cr)|, and we set 
r(f ) = Vp(cr). We remark that r(£) = R+£ n E*, where R+£ = {A£; A > 0}. Then 
the positive function p*(£) = |£|/|t(£)| is in C°°(R n \0) and satisfies p*(A£) = Ap*(£) 
for A > and £ G R n \ 0. Since £ and r(£) is in the same direction, p*(£) = 1 is 
equivalent to £ = r(£), which means £ G E*. Thus we have obtained the relation 

(3.1) P*(Vp(0) = 1 
and E; = E p ». 

Every other statement is implied from the Euler's identity p(£) = Vp(£) In fact, 
by differentiating it, we have Vp(£) = £V 2 p(£) + Vp(£), hence £V 2 p(£) = 0, which 
means 

(3.2) £eKerV 2 p(0- 

On the other hand, by differentiating the relation p*(Vp(£)) = 1, we have 

Vp*(Vp(0) G KerV 2 p(0- 
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Since the curvature condition is also equivalent to rank V 2 p(£ ) = n — 1 (see Miyachi 
Proposition 1]), we have 

(3.3) dimKerV 2 p(0 = 1. 

Hence Vp*(Vp(£)) is parallel to £ and we can write, with a scalar 

v P *(Vp(0) = 

From this representation and the Euler's identities p*(£) = Vp*(£) p(£) = Vp(£) 
we have 

p*(Vp(0) = v P *(VKO) • vp(0 
= fc(Oe-Vp(0 

= HOp(0- 

By (|3.1j) . we have = l/p(£) and the relation 

(3.4) Vp*(Vp(0) = 4y- 

Furthermore, since the map Vp : S p — > S* = S p * is onto, it means that the map 
Vp* : S p » — > Hp is its inverse. Hence we have the relation 

(3-5) Vp(Vp*(0) = -Jtt- 

By the Euler's identity again, we have also 

p(Vp*(£)) = Vp(Vp*(0)-Vp*(£) 

By Theorem l3.ll especially by (|3.4j) and (J3.5j) . we have easily the following corollary: 



and the relation £*» = E p . □ 



Corollary 3.2. Let p(£) G C°°(R n \0) be a function used to define the operator 
(jl.3|) . and let p*(£) G C°°(R n \ 0) 6e £/ie function given by Theorem UH We set, for 

C e R™ \ 0, 

(3.6) ^(o = , r x (o = ieivp*(o. 

JTien ip : R n \ — > R n \ is a C°° -diffeomorphism and ip' 1 : R n \ — > R n \ zs zfo 
inverse. 

For two vectors a = (pi, 02, ... , a n ) and 6 = (61, 6 2 , . . . , 6 n ), we define their outer 
product as 

a Ab = (aibj - ajbi)^. 
For ^>(£) given by ()3.6|) . we set 

(3.7) = ^'(o -1 A ^(0 = (H^r.O),. r 
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Then we have 

(3.8) Q{x, = xV 2 p* (Vp(£)) A p(£) Vp(0- 

In fact, differentiating = |£|Vp*(£), we have 

(^ 1 ) / (e) = ieivV(e)+v P *(0||. 

Hence we have, by ()3.4|h 



|Vp(0|vV(v P (0) + p(0 |vp(oi Vp(0 ' 



and 



xil/®- 1 = x|Vp(e)|VV (Vp(O) + p(Jvp(OI Vp(0 " 



Since Vp(£) A Vp(£) = 0, we have ifTEjl . 

The following is another representation of the set T p defined by (jl.7|) . 

Lemma 3.1. Let £l(x, £) be given by (|3.7j) ^(0 (I3.fi|) . Tnen we /iai>e i/ie 
relation 

{(x,0 e R n x (r» \ o) ; nfofl = 0} = {(AVp(0,e);e e R n \ o, A g r}. 

Proof. First we remark that, by the same reason as those of (|3.2j) and ()3.3|) . we have 

(3.9) 77 e Ker V 2 p*(r/) 
and 

(3.10) dimKerVVfa) = 1. 

We take 77 = Vp(£). Then f2(x, £) = means that xV 2 p*(r/) is parallel to 77 by (|3.8jh 
hence it is equivalent to 

x(V 2 p*(r7)) 2 = 

by ()3.9|) and ()3.10|) . Since V 2 p*(r/) is diagonalizable, it is equivalent to xV 2 p*{rf) = 
also, which means 

x G KerV 2 p*(r?). 

By (13. 9|) and (|3.1(J|) again, it means that x is pararel to 77 = Vp(£), hence we have 
the lemma. □ 

Lemma 3.2. LetVt(x^) be given by dSZZJ) withijj^) in ff31)jl . and fe*/i G Cg°(R\0). 
Then pseudo- differential operators of the form {h op)(D) satisfies 

[n ij ,(ho P )(D)] = o. 

Proof. By the standard symbolic calculus of pseudo-differential operators, it is suffi- 
cient to show V x flij ■ Vp(£) = 0, which is 

with 77 = Vp(£) by ()3.8|) . This can be verified by the fact V^rrVVC 7 ?)) = *V 2 p*(r]) = 
V 2 p*(r?) and iprSjl . □ 
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The following estimate is essential for the proof of Theorem 11.11 in Introduction. 

Proposition 3.3. Suppose m £ R and e > 0. Let a(x,£) £ A m . We assume that 
a(x, £) = i/ (x, £) £ T p or |£| < e. TTien we /iai>e 



(3.11) ||a(X, D)w|| L 2 (R n) < C I J] DMl^r^ + 

\i<3 

Here T p is given by f)1.7|) and Qij(x,£) by ()3.7|) with in ()3.6j) . 

Remark 3.2. Let r(x, £) be the symbol (jl.llj) in Introduction. Then t(x,£) = if 
(x,£) £ T p and x ^ 0. If fact, for a; 7^ 0, t(x,£) = is equivalent to |Vp*(x) A £| 2 = 0, 
which is true on the set T p by ([3.4)1 . By cutting it off appropriately, we can construct 
the example which satisfies the assumption in Proposition |~ 



Proof. Let 7 £ C°°(R n ) be a cut-off function which satisfies supp7 C R™ \ and 
7(£) = 1 for |£| > e/2, and J 7 , J^T 1 be the operators defined by ()2.5j) with the phase 
functions if)(£), respectively given by (|3.6|) . We remark that the operators J 7 

and I^ 1 are bounded on L? p for any /x £ R by Theorem 12.11 and we have also 

T p = {(x, £ R n x (R™ \ 0) ; = 0} 

by Lemma f3.ll By Corollary 12.4) we have 

a(X, D) ■ J 7 = J 7 • a(Jf, D) + i2, 

/r 1 ■ D) • 70(D) = %(X, D) • /r 1 + -R', 

where 70 £ C°°(R n ) satisfies supp7 C R" \ and 70 (0 = 1 on supp7, 

a(x,Z) = a(xtfty-\t)),$-\£))eA m , ti{x,0 = x^i= (%(^0) , 

V / Kj 

and R, R! satisfy 

(3.12) II-R m IIl2(R") ^ ^II u IIl^_ 1 (R")' II^H^-iCR. 71 ) - ^IHIi4_i( RB )" 

If we notice (|2.7|) . and use the L^^-boundedness of D), 70(D)] and 70(D) 

justified by the symbolic calculus of pseudo-differential operators and Theorem 12.11 
estimate ()3.11|) is reduced to the estimate 



(3.13) \\a(X, D)u\\ L2[Rn) < C I ||%(^, D] 

\i<3 



U 



4 (R") + " M " L m-l( R ") 



We remark that a(x,£) = on the set 

f p = { (x, £ R" x (R» \ 0) ; fi(x, = 0} . 

Now we prove (|3. 13|) . By covering R™ using sectors and a ball centered at the 
origin, we may assume that suppa(-,£) C T = {x; x n > \x'\}. For the justification, 
here we have used Theorem 12. II and the fact Qij(X, D) is transformed, by rotation, 
to a linear combination of the elements of Q(X,D). Furthermore, let 7 £ C 00 (R ri ) 
be a cut-off function which satisfies supp7 C T and 7 = 1 on suppa(-,£), and let 
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J 7 be the operator defined by (J2.9j) with the change of variable k : T — > T, where 
f = |x; x n > \/2\x r \} and k{x) = (x', \/x 2 n — \x'\ 2 ^j. We have used the notations 
x = (xi, x 2 ■ ■ ■ , x n ), x' = {xi . . . , x n _i). By Corollary 12.51 we have 

J 7 ■ a{X, D) = b(X, D)-J 7 + R 

J 7 • %(X, D) = Q tj (X, D) ■ J 7 + Rf, 

where 

6(x,0 = a( K (x),^'(x)- 1 ) G .4 m , e^(x,0 = ^^(x),^'^)- 1 ), 

and R, R' satisfy (|3.12p . Here we have noticed that Qij(X, D) is a differential oper- 
ator. We remark that we have 

K '( x \-1 — ( En-l 

\ ry>^ I ry , / /y>2 I ry! I 2 / rp 

\^ I v -^n \ aj I / "^W 

where E n _i is the identity matrix of dimension n — 1. By easy computation, we have 

= - x&i (i < 3 < n), 
0i„(x,O = -\An - \x'\ 2 £i (i<n), 

and = on the set {(x,£); £' = 0}. Hence estimate (|3.13|) is reduced to 

(3.14) \\b(X,D) ■ J 7 n|| L2(Rn) < ||9«(X,D) • VIL;U(r») 

if we notice (|2.11j) . 

Finally, we prove (|3.14j) . Since 

||A-^ 7 w||r2 < c||e in (x, -D) • j 7 m|L 2 , 

it suffices to show 

n-l 
i=l 

for b(x,C,) G .4 m which vanishes on the set {(#,£);£' = 0}. This can be carried out if 
we notice the Taylor expansion 

n-l 
i=l 

where 

Jo 

and the boundedness of Ti(X,D) ( Theorem 12. □ 
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4. Limiting Absorption Principle 

Let L p be the operator which appears in equation (jl.5jl . First we remark that we 
can define the operator 

K d , x = {L p -dTM)- 1 X {D), 

the weak limit of (L p — d =f isy l x(D) as e \ 0, where d G R and x € C£°(R n \ 0) 
(see Hormander |U Section 14.2]). Taking suppx away from the points £ such that 
p(£) 2 = d, we can also define the operator (L p — d =p iO) -1 since 

lim (L p - d T ie)~ l {l - x)(D) -> (L p - ^(l - X )(£>). 

e\0 

For the pseudo-differential operator a(X, D), we set 



a(X,D)* = a(Y,D). 
Then we have the following refined version of the limiting absorption principle: 

Theorem 4.1. Letn>2,de R, and X G C °°(R n \ 0). Suppose that a(x, f ) G A~ 1/2 
and cr(x, £) = on T p . Then we have 

\\a{X,D){L p -d^iQ)-\{D)a{X,D)%\\ L2{Yln) < C d Jv\\ L2{Rn) . 

First we prove Theorem 14.11 The argument below is the modified version of the 
proof of ^3 Theorem 3.1], and may include the repetition of it. By Proposition 13.31 
and by taking the adjoint, we may show the L 2 (R")-boundedness of the operator 

K d , x = (x)-*'\n ij ) k K d ^l 3 ) k \x)-* l \ 

where is given by (J3.7j) . Vt*,-, is the adjoint of £V/> an d k, k' = 0,1. Then fiy 
almost commutes with K dtX in the sense of Lemma 13.21 On account of it, we have 
the expressions, 

Kd, x = E (xr Z/ \L p - dTi^Xv^Ux)^)-*' 2 

v. finite 

= E ^r" l2 ux){L p -d T i^r l xu{D)^r V2 

v. finite 

where f u , f u are polynomials of order 2 at most, and Xu, Xu £ Co° nave their support 
in that of X . Hence we may assume 

(4-1) K da = (x)- 3/2 K d Jx) 1/2 , K d>x = (x) 1/2 K d Jx)- 3/2 



whichever we need. 

We may assume, as well, that x(C) G C^°(R ?1 ) has its support in a sufficiently small 
conic neighborhood of (0, ... , 0, 1). We split the variables in R n in the way of 

x (x , X n )j x (xi , • • • , X n _i). 
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By the integral kernel representation, we express the operators K dx and K dyX as 

K diX v(x) = [ K djX (x,y)v(y) dy 

dy n ■ / K d>x (x, y)v(y) dy', 



K diX v(x) = / K dtX (x,y)v(y)dy 



The following is fundamental in the proof of the limiting absorption principle: 

Lemma 4.1. Let x{C) £ C^°(R n ) have its support in a small conic neighborhood of 
(0, . . . , 0, 1) . Then we have 



K djX (x,y)v(y) dy' 



< Cd,x\\v(-,y n )\\ L 2( R n-i), 



where C diX is independent of x n and y n . 

Proof. We follow the argument in the proof of [3J Lemma 14.2.1]. Since we have 
K d , x (x, y) = T7 1 [(p(0 2 - d t i0) "VC)] (x-y), 

the integral in the left hand side of the estimate is a partial convolution. We write 
£ = (£'>£n)) C — (Ci) • • • )£n-i)- By virtue of Plancherel's theorem and the inverse 
formula, it suffices to show the boundedness of 



Fr 1 



(pitf-dTioy'xi® 



t Xr, 



with respect to x n and small We may assume d > 0. Let the smooth function 
H(£', d) be defined by the relation p(£', H(£', cf)) 2 = d, which is uniquely determined 
for £' near 0. We have used here Euler's identity p(0, . . . , 0, 1) = d^ n p(0, . . . , 0, 1) > 
and the implicit function theorem. Then we have 



where 



(p(0 2 -dTie) x(0 = (£„ - S(f , d) =F ieg(0) _1 »(0, 
9(0 = e C°°> 0(0 = x(0ff(0 e Co 00 - 



p(0 2 - d 

Hence we have 

(p(0 2 - d t i0) ~x(0 = (e„ - S^, d) =F ^"VO 
The lemma is just a consequence of the formula 

1 



F7 1 



r) = %Y (±r) 



and the fact that F^ n g(£) is bounded, where Y denotes the Heaviside function. □ 
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By (14. lj) and Lemma f4. 11 we have easily 

(x} 3/2 K dtX (x } y)(yy 1/2 v (y) dy' 



< Cd,x\\ V ('iyn)\\ L 2( R n-i) 



and 



(x) 1/2 K d , x (x,y)(y) 3/2 v(y)dy' 
By interpolation, we have 

(x} 1/2±e K dyX (x,y)(y) 1/2Te v(y) dy' 



< C d , x \\v(-,y n )\\ L2 ( R n-iy 



< Cd, x \\v(-,y n ) 



Il^r."- 1 )' 



hence 



K djX (x,y)v(y) dy' 



L 2 (R n , _1 ) ' X l X n| 1//2±e bn| 1 ^ 2Te 



for < e < 1/2. Since |x n |~ 2£ < 2 2e |a; n - y„|~ 2e if |x n | > \y n \ and |y„|~ 2e < 2 2e |a; ri - 
y„\~ 2t if |^n| < \y n \, we have 

2/«)IIl 2 (R' 1 - 1 ) 



K d , x (x,y)v(y) dy' 



- Cd ' X \x n \y^\x n -y n \^\y n \^- 



Then we have 



< 



L 2 (R") 




K d, x {x,y)v(y) dy' 



<C, 



r(') 2/ri)llL 2 (R"- 1 ) 



< C d)X ||'. 



|x n |V2-e| Xri _ y n |2 e | yn |l/2- 



Il 2 (r™)> 



dy n 
-dy 



L 2 (B. Xn ) 



where we have used the following fact (with the case n = 1) proved by Hardy- 
Littlewood 



Lemma 4.2. Suppose 7 < n/2, 5 < n/2, m < n, and 7 + 5 + m = n. Then we have 

2 \ V2 



R» 



/(I/) 



R" |x| 7 |x -2/PM' 



da; I <C( / \f(x)\ dx 
'r™ 



1/2 



(See also [T3J Theorem B].) Thus we have completed the proof of Theorem 14.11 

As has been already established, Theorem 11.11 is a direct consequence of the fol- 
lowing (see Section 5): 

Corollary 4.2. Suppose o"(x,£) ~ l^l" 1 / 2 ^! 1 / 2 . Suppose also o~(x,£,) = if(x,£) E 
T p and i^O. Then we have 

sup \\a(X, D)(L p - d =p zO)-V(X, £>)*H| z2(R7l) < C|MIl 2 ( r™)- 
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Proof. By the scaling argument, we have only to consider the case d — 1. We split 
the estimate into the following two parts: 

(4.2) ||a(X,D)(L p -l T zO)- 1 (l- X op)p)a(X,D)*i;|| L2(Rn) <C||t;|| L2(RJ1)! 

(4.3) ^{X^XLp-lTiOy^XopKDMX^yv^^ <C\\v\\^ n) , 

where x{t) £ C^°(R + ) is a function which is equal to 1 near t = 1. We use the 
following lemmas: 



Lemma 4.3. Suppose —n/2 < 5 < n/2. Then we have 
II \x\ s m(D)u 



|L 2 (R") 



< c su p |lfl l7l9 M0||||afu| 



h\<n 



L 2 (R™)' 



Proof. See Kurtz and Wheeden jTJ Theorem 3]. 



□ 



Lemma 4.4. Let a < n/2, < b < a + n/2. Suppose r(x, £) ~ |x| a |£| . Then we 
have 

\\r(X,D)u\\ LHRn) < C\\\x\ b - a u\\ L2{Rny 

Proof. We have 



where 

Then we have 
Hence we have 



t(X, D)u(x) = J K(x, x - y)u{y) dy, 

K(x,z) = Fs 1 [t{x,OKz)- 
\K(x,x-y)\ < C\x\- a \x - y\- (n - b) . 

|x| a |x - y\ n ~ b \y\ b ~ a 



\r(X,D)\xr b u\\ L2 <C J , u _ ( l,j 
<C\\u\\ L2 

where we have used Lemma [4.21 

First we prove estimate (|4.2jl . Setting 

KO = iei 2 (M0 2 -iT^o)- 1 (i- X op)(o 



L 2 



m 



and 



T(x,£) = a(x,Z)\Z\- 1 



~ \x\ 



l/2 lr l/ 2) 



□ 



we have 

a(X, D)(L P — 1 =F *0) _1 (1 — x° p)(D)a(X, D)* = r(X, D)m(D)r(X, D)*. 

Estimate ()4.2|) is obtained from Lemma f4.3l with 6 = and Lemma f4.4l with a = b = 
1/2. 

Next we prove estimate (|4.3|) . Let p(x) G C^°(R n ) be equal to 1 near the origin 
and x(t) £ C£°(R + ) be equal to 1 on suppx- We set 

0o(:e,O = p(x)a(x,£), <Ti(x,£) = (l-p(x))a(x,0(x°P)(0- 
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Since ai(x,£) G A 1 ^ 2 , we have 

(4.4) Wa^XTD^-lTiOr'ixopKD^XTDyvW^^ < C\\v\\ L2{Rn) 
by Theorem 14.11 On the other hand, since 

a (x,0 = \x\ 2£ P (x)t (x,Op(O 1/2+£ , 

where 

r (x,o = \x\- 2 ^(x,op(o~ {1/2+£) ~ izr (1/2+2e) ier, 

we have, by Lemma f4.4[ 



L 2 (R") 
IL 2 (R") 



Iko^D)!*!^^ < c\\t (x,d) p (d) 1 / 2+£ 

(4.5) ^cuixr^+^p)!/^ 

with < e < {n — l)/4. By the same argument, we have 
\\a (X, D)n i:j u\\ L2{nn) 

(4.6) ^(nixr^vp) 372 ^!!^^) + nixi-^^D) 1 /*- 



L 2 (R") 



for Qij give by (|3.7j) with the same e. In fact, since the symbol of Qij is linear in x 
and positively homogeneous of order 1 in £ by (|3.8|) . we have 

a (X,D)n ij = p(X)a lx (X,D) + ^ p(X)a v (X,D) 

fi:finite v.finite 

= J2 p(X)a,(X,D)p(D) + J2 p{X)a v {X,D) 

//.■.finite v.finite 

by the symbolic calculus, where a^(x, £) ~ l^l 1 ^ 2 !^! 3 ^ 2 , p(x) = \x\p(x), o^(x, £) = 
|x|-V(x,£)p(0 _1 ~ M~ 1/2 |£| 1/2 , and ^(x,^) ~ |a;|- 1/2 |£| 1/2 . Note that the op- 
erators p(X)a^(X, D) and p(X)<r u (X, D) play the same role in justifying ()4.6|) as 
a (X,D) = p(X)a(X,D) does in (1431) . By estimate (I43j) . the estimate 

(4.7) \\a (X,D)(L p -lTt0r\x°p)(D)a (X,Dyv\\ L2(Rn) < C\\v\\ L2{Rn) 
is reduced to show the estimate 

(4.8) \x\ a -\L p -l T i^~\xop){D)\A^ 2( <C\\v\\ L2( 

with a = (3=1/2 — e for any x G C^°(R + ). By Lemma [Ql it is implied by 
\xr x \D\ a+p {L p - 1 =f iOy^x^vj^^ < C\\v\\ L2{Rn) 

which was proved by [To! Theorem 1.2] (see also [Til Theorem 3.1]). Furthermore, 
by Proposition 13.31 and Lemma [3.21 estimate 

(4.9) \\a (X,D)(L p -lT^0)-\xop)(D)a 1 (X,D)%\\ L2{nn) <C\\v\\ L^Rn) 
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is reduced to show the estimate 



a (X, D) (L p - 1 T iO) _1 (x ° p) (D) (fly )* (x) -' i,2 v 
o (X,D)({l tJ ) k (L p -lTtO)- 1 (x°p)(D)(x)- 3/2 v 
^^\\ v \\L 2 (n n )' 



L 2 (R") 
L 2 (R™) 



where k — 0, 1. By estimate (|4.6|) and the trivial inequality (x) 3 ^ 2 < |x| t 1 / 24 ^) with 
£ < 1, it is also reduced to estimate (|4.8|L By taking the adjoint, the estimate 

(4.io) H^^^^-iTior^xo^p)^^, ,0)^11^^ <c|b|| L2{Rn) 



is also obtained. Summing up estimates (|4.4|) . (|4.7|) . (|4.9jl . and f)4.10|) . we have 
estimate (|4.3jl . and thus the proof of Corollary 14.21 has been completed. □ 



5. Concluding remarks 

First we explain why Corollary 14.21 implies Theorem ll.il The same argument was 
used in [14J or references cited there. Setting A = a(X, D), we have 

sup \\a(l p - p 2 - ioy^fW < cimi LW 

p>0 y ' 



by Corollary 14.21 If we notice the formula 

! 

L2(pE p ;p— ldo;/|Vp|) 



f 



Hf*>) 



2 p n - l duj 



IVpHI 

= 4(27r)"- 1 pIm((L p -p 2 -zO)' 1 /,/) 
see Hormander fU Corollary 14.3.10]), we have the estimate 



(5.1) 



A*f 



L 2 (p^ p ;p n - 1 dw/\\7p\) 



<C^p\\f\\ L2(Rn) , 



where p > 0, pS p = {pu; uj G S p } and duj is the standard surface element of the 
hypersurface S p defined by (|1.4|) . Let 

T = e - itp(D)2 : S(R£) -> 5'(Rt x R") 

be the solution operator to (jl.5j) . Then the formal adjoint T* : «S(R$ x R") — ► <S'(R^) 
is expressed as 

T* [v(t,x))=Ff 1 [(F t , x v)(-p(0 2 ^)]. 
In fact, by Plancherel's theorem, we have 



(T [<f(x)],v(t,x)) L2{RtxB:s) =(2tt 



-" I I e -itp(tY 



(F x <p)(£)F x [v(t,x)] (Z)dtd£ 



<2tt)-M (i^)(0(^0(-p(0 2 ,0# 
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By (|5.1|) and Plancherel's theorem again, we have 

\\T*A*vf L2{Rn) = C\\(F ttX A*v)(-p(0 2 ,0\\l (Rn) 



f°° 2 

<C p\\(F t v)(-p 2 ,x)\\ L2(Rn) dp 
Jo 



<C / \\{F t v){p,x)r L2(m dp 

J — oo 

= C||w(t, ^)||L2(R (X Rn)- 



Here we have used the change of variables £ i— ► pcj (p > 0, e S p ) and p 2 i— ► p. 
Then, by the duality argument, we have 

II^Vili^RtXR") < C \\ V IU 2 (R") 5 

which is the required estimate f)l .2|) . 

If we follow the same argument for the operator 

T = e ±itp{D) p(D)- l/2 : «S(R") -> <S'(R t x R"), 

we have a result for the second order hyperbolic equations (see |15| Section 5]). Let 
H s be the homogeneous Sobolev space defined by the norm 

IMIii s (RS) = IH^I ^lll/ 2 (R™)- 

Then we have the following: 



Theorem 5.1. Let n > 2. Suppose cr(x,£) ~ \x\ 1 ^ 2 |£|°. Suppose also the structure 
condition ()1.8|) . Then the solution w to the problem 

(d 2 + L p )w(t,x) = 

W (0,x) = ^GL 2 (R") 
d t w(0,x) = ip e # _1 (R£) 
satisfies the estimate 

\\o-{X,D)w\\ L2(RtXR n ) < c(\\ip\\ L2m) + |H|p-i (Rg) ). 

We can also treat the operator L p of other orders. Instead of (jl.3|) . we set L p = 
p(D) m , where p(£) satisfies the same assumption. Theorem 15. II is also obtained from 
the following result (where we can take m = 1). 

Theorem 5.2. Let n>2 and m e N. Suppose cr(x,£) ~ |x| _1//2 |£|^ m_1 ^ 2 . Suppose 
also the structure condition (jl.8|) . T/ien £/ie solution u to (ji.,5}) u>^/i L p = p(D) m 
satisfies estimate (|1.2|) . 
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We omit the proof of Theorem 15 . 21 because it is just a straight forward modification 
of the argument in Sections 4 and 5. Modification of the result in jTH] is also needed 
where we use the assumption m G N. 

We finish this article by mentioning that the structure condition (jl.Hjl seems to be 
necessary for estimate (jl.2j) . By Theorem II .![ the symbol 

a(x,0 = \x\-^\{x/\x\) A Vp(0| a |£| 1/a ~ \x\~ 1/2 \e /2 

is a typical example which satisfies estimate (|1.2|) . Assume that there is another non- 
negative symbol t(x,£) ~ [a;! -1 / 2 ^ 1 / 2 which breaks the structure condition (jl.8)l but 
satisfies estimate (jl.2j) . Then we have the estimate 

||(<7(X,D) + r(X, J D))M|| L2(RtxRg) < Cy\\ L2{nn) . 

We remark that <r(x, £ ) is non-negative and vanishes only on the set T p . Since t(x, £) is 
also non-negative and never vanishes on T p by the homogeneity, we have the ellipticity 
of the symbol a(x, £) + t{x,£) ~ M -1 ^ 2 !^! 1 ^ 2 - By constructing the parametrix, we 
have the critical estimate 



lL2(R tX R5) - ^II^IIL2(R™) 

which is not true, at least, for the ordinary Schrodinger equation (Watanabe [T7|). 
By justifying this argument, we can expect the conclusion that any non-negative 
symbol cr(x, £) ~ [xl -1 / 2 ^! 1 / 2 satisfying estimate ()1.2|) must have characteristic points 



contained in T p . 
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